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6. 


ON THE MOTION OF ROTATION OF A SOLID BODY. 


[From the Cambridge Mathematical Journal, vol. 111. (1843), pp. 224—232.] 


In the fifth volume of Liouville's Journal, in a paper “Des lois géometriques qui 
régissent les déplacemens d'un système solide,” M. Olinde Rodrigues has given some 
very elegant formule for determining the position of two sets of rectangular axes with 
respect to each other, employing rational functions of three quantities only. The 
principal object of the present paper is to apply these to the problem of the rotation 
of a solid body; but I shall first demonstrate the formulz in question, and some others 
connected with the same subject which may be tseful on other occasions. 


Let Ax, Ay, Az; Aw, Áy, Az,, be any two sets of rectangular axes passing 
through the point A: zx, y, 2, £, Y, Z, being taken for the points where these lines 
intersect the spherical surface described round the centre A with radius unity. Join 
£E, YY, ZZ, by arcs of great circles, and through the central points of these describe 
great circles cutting them at right angles: these are easily seen to intersect in a 
certain point P. Let Pa=f, Py=g, Pz=h; then also Px,=f, Py,=g, Pz,=h: and 
ZaPx,= ZyPy,= 22Pz,, =0 suppose, 0 being measured from «<P towards yP, yP 
towards zP, or zP towards xP. The cosines of f, g, h, are of course connected by the 
equation 

cos? f+ cos? g + cos? h = 1. 


Let a, B, y; Y, 8, y'; a”, BY, y”, represent the cosines of wa, ya, 2,0; EY, YY, 24; 
£z, yz, 22: these quantities are to be determined as functions of f, g, h, 0 


4 


Suppose for a moment, 


ZyPz =x, Z2P2=y, LaPy =z; 
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then a =c08* f + sin? f cos 0, 
a’ = cos f cos g + sin fsin y cos (z — 0), 
a” = cos f cos h + sin f sin h cos (y + 0), 
8 =cosg cos f + sin g sin f cos (z + 0), 
BY =cos* y + sin? y cos 0, 
8” =cos g cosh + sin g sin h cos (x — 0), 


y =cosh cos f+ sin h sin feos (y — 6), 
y =coshcosg + sin h sin g cos (x + 0), 


” = cos? h + sin? h cos 8. 
E 
Also sin y sinh.cos x = — cos g cosh, 
sin h sin f cos y = — cos h cos f, 
sin f sin g cos z = — cos f cosg, 
and sin g sinh sin x = cos f, 


sin h sin fsin y = cosg, 
sin f sin g sin z = cos h. 
Substituting, a =cos* f + sin? f cos 0, 
a” = cos f cosg (1 — cos 0) + cos h sin 0, 
a” = cos f cos h (1 — cos @) — cos g sin 6, 
B =cosgcosf (1 — cos 0) — cos h sin O, 
£' =cos* g + sin? y cos 0, 
8B” = cos g cos h (1 — cos 0) + cos f sin 0, 


y =cos hcos f (1 — cos 0) + cos g sin 0, 
y = cos h cosg (1 — cos 0) — cos f sin 8, 
y” = cos h + sin? h cos 6. 


Assume A = tan 30 cos f, p = tan 40 cosg, v = tan 40 cos h, and secrj0=14+ M4 p? +r =K; 


then ka=] +X- p-r, Ka =?2 (Au + y), xa” =2 (v — p), 
KB =2 (Ap — v), KB’ =14+p?-—v —», KB” =2 (uv +d), 
Ky =2 (vr + p), «y =2 (uv—2d), ey =IFP-W— pa; 


Which are the formule required, differing only from those in Liouville, by having 
» m v, instead of jm, 4n, $p; and a, a, a”; BB, BY; y y, Y, instead of a, b, c; 
a, b, e; a”; b”, c". It is to be remarked, that 8’, B”, B; y”, y, y, are deduced from 


aaa, by writing y, v, A; v, A, p, for A, p, Y. 
Let 14+a+8'+y"=v; then xv=4, and we have 


Mu=8"-—y, pu=y=0", v=0a—B, 
NYu=1+a-8£'-8yY, pu=1-a+ p- y", vv=1-a—-fB'-wy 


A 
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Suppose that Aw, Ay, Az, are referred to axes Ax, Ay, Az, by the quantities 
l, m, n, k, analogous to A, p, v, k, these latter axes being referred to As, Ay, Az, 
by the quantities J, m,, n, k,. 


b 


Let a, Dd, ce; a, Y, dl qual, nO Gh E 2 De G3. a, Be, Mente the 
uantities analogous to a, B, y; œ, B, y; @, E”, y”. Then we have. by spherical 
q Y > to 
trigonometry, the formule 
/ n H 
a =a0+ba/+c07, B =ab,+b b/+cb”, y =ac+bc/+cc/; 
, A tt YA / / / / tt + Ca 3 
a =a a, +b a, +e 07, B’ =a b, +b b; + b”, y =a c, +b c; +e; 
, 1! ay / 47 UA LS U "TL! yw ” +t Po d PES FE 
a"=0a "a, + ba; + c”a”, B- =a b, +Db"b/+c"b,, y” =0a 0, +b"/+c"0/. 
Then expressing a, b, c; a’, Y, ¢; a”, b’,.c’; a, b,, c,; a/,, b/ 


be 
terms of l, m, n; l, m,, n, after some reductions we arrive at 


c in 


"Jn "” A wu 
t 2 a, , b, , C 


kk u =4 (1-1, - mm,—- nn ?, =411 suppose, 
kk, (8"-y)=4 (1 +1, +nm—nm) II, 
kk, (y pa a’) =4(m+m,+ Lm — Im, ) II, 
kk, (@ — B) =4(n +n, +mn—mn) UH; 
and hence 
II =1-—ll, — mm, — m,, UvA=1+14+nm—-nm,, 
Uy =m+m, +/m-— lm, Tv =n+n, + mn-—mn,, 
which are formule of considerable elegance for exhibiting the combined effect of 
successive displacements of the axes. The following analogous ones are readily obtained : 


P =14+2A+pm+rn, Pl, =~X—-l—vm + pn, 

Pm,=p—- m- m +I, Pn,=v-—n- pl+rAm: 
and again, 

P =1+Al,+pm,+vn,, PL=N-— l, +vm,— pn,, 

Pm =p- m, +n, — vl,, Pn=v—n,+ pl, — Am. 
These formule will be found useful in the integration of the equations of rotation of 
a solid body. 


\ 


Next it is required to express the quantities p, q, r, in terms of A, pw, v, where 
as usual 
dB, dp ,,dp” 
Pee Bear ey rays 


ag dy , dy „ dy” 
cia tons A to ae? 


tt ae aan 
r=B +8 ath E 


Differentiating the values of Bx, B'x, B”r, multiplying by y, y, y”, and adding, 
xp =2N (yu — yA + Y) +24 (yA = w+ y") +20 (—y—yv+Y"p), 
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dù du dv 
dt’ dt’ udt 


«xp=2 (N + vp’ — vp): 


where 2’, y”, v’, denote Reducing, we have 


from which it is easy to derive the system 
` Kp = 2 ( r+ vp’ — vp), 
xq=2(—vN + y +1v2), 
ar=2( pN Ap +r ); 
or, determining 2’, w’, v’, from these equations, the equivalent system 


Qn’ =(1+2*) pt (Au—v) q+(+ p)r, 
24'=(M + 1) p+(1 +) q+ (wr, 
2v = (~A— p) p+ (uv +A) G+(14+0*)r. 


The following equation also is immediately obtained, 
Kk = x (Ap + pq + vr). 


, 


coefficients of p, q, r, with respect to A, p, v; N, W, Y. 
down the six 


d d 
not = 2, cE += 0, 
dq _ dq war's, 
e = — 2, kt = 2v, 
dr dr x 
a ride 2p, e q t=- 2p, 


from which the others are immediately obtained. 


point. The equations of motion are 


d aT _daT_ aV 
aah” AA UAA 
dar_av_av 
dt dw dw dp’ 


d dT _at_av. 
dt dv’ dv dv’ 
here T= §(Ap+ B+ Cr); V=23[K(Xdx+ Ydy + Zdz)] dm; 


r if Xdx+ Ydy+Zdz is not an exact differential, = ; an a 
ymbols standing for 
da dy dz 
z(a + Y +25) dm, PITA 
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The subsequent part of the problem requires the knowledge of the differential 
It will be sufficient to write 


Suppose now a solid body acted on by any forces, and revolving round a fixed 


are independent 
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see Mécanique Analytique, Avertissement, t. 1. p. V. [Ed. 3, p. vil]: only in this latter 
case V stands for the disturbing function, the principal forces vanishing. 


Now, considering the first of the above equations 


a= Ap Y + By + Or, == (Ap — vBq + Cr); 
whence, writing p,q, 1”, «, for -3 A, a 4) 
LO dp! — Be + Cr’) E Bgv +2 Ory’ E (Ap — vBq + pOr). 
Also = -Ap + Bq H+ Or =P (Ap + Bg + Cr?) +2 Bqu -t Cry’; 
and hence (E e E) 


= z (Ap' — vBg + pOr’) — Bq + = Cru! +X(Ap? + Be + Cr?) - $ (Ap —vBq + Cr). 


Substituting for N, y, v, K, after all reductions, 


3 E A a =*[{Ap' +(C-B) qr} — v {Bq + (A —C) rp} + u {Cr + (B — A)pg)]; 


and, forming the analogous quantities in p, v, and substituting in the equations of 
motion, these become 


(Ap + (C—B) gr} —» {By + (A — 0) rp} + y {Cr + (B— A) pg] =e To 
v (Ap +(C— B)gr}+ {Bg +(A—C) rp} -2 {Cr + (B- A) pq) = TA 
u (Ap +(0— B) gr} + {By + (A—C)rp} + {0r + (B — A) pa) = pu; 


dp dq dr 


liminating, and replacing p, q, r, by 2, 4 = i 
or eliminating, and replacing P, q, T y TOS E we obtain 


dp dv dV 
AG AO AAN + Outs) Set On wy 


dq, 


BY +A- Orp =4 On- att, 


ee. f V dV dV) 
CB A)pq=4{ontn) E an ee aT (1 +3 fe 
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to which are to be joined 


sd dy du ad 
mpa2( ra ug) 
dA du dv 
nq =2 ( vat uta): 
Ri da» ._du dv 


where it will be recollected 
k=l +N +e’; 


and on the integration of these six equations depends the complete determination of 
the motion. 


If we neglect the terms depending on V, the first three equations may be 
integrated in the form 


and considering p, q, r as functions of ¢, given by these equations, the three latter 
ones take the form 


e M RAN du dy 
gr dp dp dg’ 
. K dA dp dv 
arp "det ddd’ 
K dA du dv 
4pq "dp “dp” dọ 


f which, as is well known, the equations following, equivalent to two independent 
quations, are integrals, 


kg= Ap (1 +X — p*—1) + 2Bq (Au— v) + 20r (vr + p), 
Kg =2Ap (Au +v) + Bq(1+p?-M-— 1?) + 2Cr (uv — 2), 
Kg” =24p (vA— p) + 2Bq (uv +X) + Or(l+v—-2d?- p’); 


here g, g’, g”, are arbitrary constants satisfying 
gy + g” J g?= A? 2+ Bq? af Cir. 
To obtain another integral, it is apparently necessary, as in the ordinary theory, to 
evert to the consideration of the invariable plane. Suppose g'=0, g” =0, 


hen J =w (A’p? + Bg? + Ory), =k suppose. 
C. i 
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We easily obtain, where A», Mo, Yo, Ko are written for A, y, v, œ, to denote this particular 
supposition, 

K Ap = 2 (v^ — Ho) E, 

Ky Bq = 2 (poo + Ao) K, 

K Or = (1 + ye E he a po) k 


whence, and from x,=1+22+p2+v2, KoCr = (2 +2v? — xp) k, we obtain 


2 + 2v?) k 1 +») A 1 B 
a o pman E. 


Hence, writing h= Ap? + Bq? + Cr?, the equation 


dvo 
ria ze {(YoAo — Mo) P + (Moy + Ao) q+(1+v*) r} 
4 dy_ h+kr 
reduces itself to Tew a alate 


UL tant yn = [Pee (h+ kr) do 


or, integrating, (k + Cr) pgr ` 


The integral takes rather a simpler form if p, q, p be considered functions of r, 
and becomes 


2 tan AE AT O AA nt 
JE +F Or Y [ke Bh+(B-0) Cr} (Ah— + (C— A) C]]' 


and then, v, being determined, ^, Mw are given by the equations 


_ "Ap + Bg vBq — Ap 
k+Cr°? ui k+Cr * 


Hence l, m, n, denoting arbitrary constants, the general values of A, mw, v, are given 
by the equations 
P, =1 — M- mm- ny , 
PrA=1 + A +mMD-— Npo, 
Pp =m+ fot nni , 
Py =n + vot lo — M. 
In a following paper I propose to develope the formulæ for the variations of 


the arbitrary constants pı, qı, %, l, m, n, when the terms involving V are taken into 
account. 
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Note. It may be as well to verify independently the analytical conclusion imme- 
diately deducible from the preceding formule, viz. if A, q, v, be given by the differential 
equations, 


A di du. dy 
pi d+" a Pap 
dà du dv 


where e=1+)A?+yp?+v’, and p, q, r, are any functions of t. Then if Ay, fo, vo, be 
particular values of A, p, v; and l, m, n, arbitrary constants, the general integrals are 
given by the system 


Fr, = 1 ne IA, — Mp — NV, , 
PA=} +2, + mv — Apo, 
Py =m+ Mo + NA) — ly , 
Pw=n + n + lg =m. 
Assuming these equations, we deduce the equivalent system, 
(1+ Ary + uo + VV) b =A—Ay + vojt — Vio, 
(1 AAG + uo + vvo) M = p — po + Mw — MA, 
(1 + Ary + uo + VM) n =v — Vy + hÀ — ph. 
Differentiate the first of these and eliminate l, the result takes the form 0 = 
— (Ho? + v?) (N + vp! — vp) — (vo — Mopo) (— UN + p + Av’) + (po + Rod) (MA! — Ape! + 1) + HON, 
+ (p? + 1%) (Ag + Voto — Do po) + (v — Ma) (— voo + Mo’ + rove’) — (a + AY) (poo — Rofo’ + vo’) — KAS, 
where AM, &c. denote 2 , Gc. and m=1+A? +p? + 1. 


Reducing by the differential equations in A, 4, v; Av, Mo, Vo, this becomes 
ko [N + hp (mw? +r?) +49 (0 —Aw)—3r(u + ) 
— 1 (A+ dp (ue + 04) +49 (vo — Pople) — $r (Ho + Av0)} = 05; 
or substituting for X’, A; we have the identical equation 
4p (Kok — Kro) =0: 


and similarly may the remaining equations be verified. 
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